We apply the strategy of the back action evading measurement of a quadrature component of mechanical motion of a test mass to detection of a classical force acting on the mass [1] and study both classical and quantum limitations of the technique. We are considering a resonant displacement transducer interrogated with a dichromatic optical pump as a model system in this study. The transducer is represented by a Fabry Perot cavity with a totally reflecting movable end mirror the resonant force of interest acts upon. The cavity is pumped with two coherent optical carriers equally detuned from one of the cavity resonances. We show that the quantum back action cannot be completely excluded from the measurement result due to the dynamic instability of the optomechanical system that either limits the allowable power of the optical pump or calls for introducing an asymmetry to the pump configuration destroying the quantum nondemolition nature of the measurement.
We apply the strategy of the back action evading measurement of a quadrature component of mechanical motion of a test mass to detection of a classical force acting on the mass [1] and study both classical and quantum limitations of the technique. We are considering a resonant displacement transducer interrogated with a dichromatic optical pump as a model system in this study. The transducer is represented by a Fabry Perot cavity with a totally reflecting movable end mirror the resonant force of interest acts upon. The cavity is pumped with two coherent optical carriers equally detuned from one of the cavity resonances. We show that the quantum back action cannot be completely excluded from the measurement result due to the dynamic instability of the optomechanical system that either limits the allowable power of the optical pump or calls for introducing an asymmetry to the pump configuration destroying the quantum nondemolition nature of the measurement.
I. INTRODUCTION
Opto-mechanical systems [2, 3] are utilized in high precision measurements including gravitational wave detection [4] [5] [6] , torque sensing [7] , magnetometery [8] , and intracavity photon number as well as optical quadrature component detection [9, 10] . The maximum sensitivity of the measurements is fundamentally limited because of the quantum noise as well as quantum uncertainty associated with the optical as well as mechanical degrees of freedom. Namely, uncertainty of the initial coordinate and momentum of the mechanical degree of freedom limits the accuracy of the measurement of the mechanical coordinate. The quantum noise of the optical probe adds to the measurement error directly via transfer to the classical meter noise as well as via quantum back action disturbing the mechanical system [10] [11] [12] . The impact of the quantum noise can be reduced by selecting an optimal measurement strategy. For instance, it is possible to exclude the effect of the quantum uncertainty of initial conditions on the measurement sensitivity in the case of classical force detection [10, 11] . It is also possible to avoid quantum back action in the variational measurements [12] . As such, the number of known back action avoiding measurement techniques is limited and it is fundamentally important not only to find strategies resulting in the increase of the measurement sensitivity beyond the boundaries introduced by the quantum effects but also to understand fundamental restrictions of the existing strategies. In this paper we adopt the technique of back action evading measurement of a quadrature component of a mechanical oscillator originally proposed by Vladimir Braginsky and colleagues [1] to optical detection of a resonant force acting on a mechanical oscillator and find limitations of the method.
The sensitivity of the continuous measurement of a mechanical coordinate is restricted by so called standard quantum limit (SQL) appearing due to the quantum back action [11, 13] . Increase of the power of the optical pump allows improving the sensitivity associated with the optical shot noise because of increase of the signal-to-noise ratio of the measurements. The quantum back action results from the disturbance of the coordinate due to fluctuations of the light pressure coming from the fluctuations of photon number in the optical cavity. Because of this process the sensitivity of the coordinate measurement improves up to a point with the optical power increase and than drops. There exists an optimal power value that results in the maximum measurement sensitivity in this case. The SQL was studied in various configurations ranging from macroscopic kilometer-sized gravitational wave detectors [12] to microcavities [14, 15] .
Detection of a classical force acting on a suspended test mass is an example of a coordinate measurement and, hence, there exist an SQL of the force detection. In this case, though, one measures not the absolute coordinate of the mass, but its modification due to the force action. If the envelope of the force of interest is known, the impact of the initial uncertainty of the coordinate and momentum of the probe mass on the measurement sensitivity can be suppressed [10, 11] . The SQL of the force measurements can be avoided with several approaches including stroboscopic position measurement [16] , mechanical quadrature measurement [17] , variational measurement [12, 18, 19] , opto-mechanical velocity measurement [20] [21] [22] , and measurements performed in opto-mechanical systems with ponderomotive rigidity [23, 24] .
In this paper we introduce a measurement technique suitable for the detection of a resonant force. We show theoretically a possibility of surpassing the SQL in a classical force measurement involving a Fabry-Perot (FP) cavity with the end mirror represented by a suspended test mass of mechanical oscillator. The force of interest acting on the test mass is nearly resonant with the mechanical oscillator. The optical cavity is pumped with light consisting of two frequency harmonics equally detuned from the resonance frequency of a cavity mode to blue and red, as illustrated in Fig. 1 .
It was shown by Braginsky, Vorontsov, and Thorne that a modulated RF pump can be used to perform a QND measurement of a quadrature component of a mechanical system that can be utilized for a classical force detection [1] . The idea was expanded to the optical domain and possibility of a QND measurement of a quadrature component of a mechanical degree of freedom in an opto-mechanical system was confirmed [25] and further applied to conditional squeezing [26, 27] .
We here extend the idea and show that the QND is applicable for the classical force detection. Similarly to the previous works we have found that the quantum back action can be completely avoided when i) the power values of the harmonics are identical and ii) one observes the optical harmonics in the vicinity of the resonance of the optical cavity mode. The red detuned pump introduces positive damping and can be used for cooling the mechanical oscillator, while the blue-detuned pump results in the gain and may lead to instability of the system and optomechanical oscillations [2, 3] . The damping compensates the gain, so the system remains stable up to a point. It was proposed to use a monochromatic optical local oscillator to measure the mechanical quadrature amplitude [25] . We propose to use a dichromatic local oscillator in the measurement. This is more natural as we can utilize the phase shifted pump light to perform such a measurement. This technique can be called as a synodyne (in sense [28] ) QND measurement.
We study the limitation of the QND technique and find that the stability range of the opto-mechanical system is compromised due to its salient nonlinear properties. The nonlinearity comes not because of an avoidable nonlinearity of the mechanical system itself, but from the opto-mechanical interaction [29] . We found that it limits the dynamic stability of both the QND measurement of quadrature discussed in [25] and the sensitivity of force
The Fabry-Perot (FP) optical cavity with suspended back mirror is pumped by light consisting of two frequency harmonics. The carrier frequencies of the light are tuned symmetrically with respect to the eigen frequency ω0 of the optical mode of interest: the red detuned carrier with frequency ω− = ω0 − ωm and blue detuned carrier (frequency ω+ = ω0 + ωm). Output wave is detected by balanced homodyne detector with local oscillator taken from pump delayed by angle θ.
measurement, proposed in this paper. The system starts oscillating at some power threshold. Up to our knowledge, this type of an opto-mechanical instability was not discussed previously.
II. LINEAR ANALYSIS OF THE FORCE DETECTOR
Let us consider an interferometric displacement transducer consisting of a Fabry-Perot (FP) cavity of length L and an ideal movable end mirror suspended on a single dimension mechanical oscillator (as shown in Fig. 1) . A cavity mode characterized with eigen frequency ω 0 and relaxation rate γ (half width at the half maximum) resulting from the partially transparent front mirror is interrogated with a bichromatic coherent optical pump. The expectation value of the amplitude of the optical pump is presented in form
where A + (A − ) is complex amplitude of pump detuned to blue (red) side from resonance frequency of cavity, see also (2.6) for introduction of the amplitude in the quantum case.
The mirror is characterized with coordinate
whereb † ,b are the creation and annihilation operators, x z is the amplitude of zero-point mechanical fluctuations, m is the mass, ω m is the mechanical eigenfrequency, γ m is the mechanical relaxation rate. The resonant classical force of interest, F (t) = F s (t) cos ω m t, acts upon the mirror, where F s is a slow amplitude of the force.
A. Major equations
We assume that resolved side band conditions
are valid and utilize Hamiltonian
whered i andd † i are annihilation and creation operators describing the intracavity optical field,α in is an operator of the external field, last term in (2.4b) describes action of the signal force, H γ describes attenuation of the pump photons and associated quantum noise, H γm stands for the dissipation in the mechanical oscillator due to interaction with the thermal bath, H γ bath , H γm bath represent Hamiltonians of thermal bathes (optical and mechanical, correspondingly) [2, 3] , see also details of the Hamiltonian approach in [30, 31] .
From (2.4) we obtain equations of motion
which should be supplied by equation for output amplitudeα outα
The field of opto-mechanics has established certain conventions over the last decade (see [3] for details). Our notations, primarily belonging to the analysis of optical force detectors [12] , have direct relations with those. For example, half width at the half maximum γ for the optical cavity is usually denoted as κ/2 in opto-mechanics literature; the opto-mechanical coupling strength is usually expressed in frequency terms, i.e. g = x z ω 0 /L.
The model (2.5) is similar but not equivalent to the adiabatic treatment of conservative cavity with slow mirror movement discussed in [30] in case of zero relaxation rate of cavity (γ = 0). It is necessary to take into account not only the displacement of the mirror but also its velocity (not accounted in (2.5a)) for the precise consideration of adiabatic treatment in spirit of [30] .
The operators of the input,α in , and the output,α put , fields are presented as a sum of expectation, A(t), and fluctuation, a, parts:
7)
where a in (Ω) describe vacuum fluctuations of light and obey to relationship for the commutators and correlators:
The operator of the thermal bath b th obeys to the rules
n T is the number of the thermal quanta. The operatorŝ b as well asd i are presented in a similar waŷ
14)
15) 16) where D ± are the mean amplitudes of the light circulating in the FP cavity at the pump frequencies.
It worth noting that we used the following rules to indicate the Fourier amplitudes through the manuscript. For all the operators in the paper the Fourier transform is denoted by dropping the hat and using the corresponding English alphabet letter. For instance,
17)
The notations for the other variables are defined in a similar way. The notations (2.17) and commutation relations (2.9, 2.11) are selected to be as in [12] which differ from ones used in [3] . As the result, in the opto-mechanic approach [3] the Fourier-amplitudes a(Ω) = dt e iΩt a(t) coincides with our expression [12] , whereas a † (Ω) is defined as a † (Ω) = dt e iΩt a † (t), which is different from our definition a † (Ω) = dt e −iΩt a † (t). Our convention leads to correlators of the form [a(Ω), a † (Ω ) = 2πδ(Ω − Ω ), while the "optomechanics convention" leads to [a(Ω), a † (Ω ) = 2πδ(Ω + Ω ). The "optomechanics convention" requires to keep in mind that complex conjugation a † (Ω) of the modes equation comes with a sign change for the frequency: a † (Ω) = (a(−Ω)) † , while our description calls for a † (Ω) = (a(Ω)) † . It is easy to check that independently of the selected convention the result of the calculations does not change.
Linearising the set (2.5) in the vicinity of the steady state solution we rewrite it for Fourier transforms
18c)
where F s (Ω) is the Fourier Transform of slow amplitude F s (t) of the resonance signal force.
B. Solution
To explain the proposed measurement technique we first consider an ideal case of the light harmonics equally detuned from the optical mode of interest with the detuning value equal to the mechanical frequency, see (2.15). Substituting (2.18a) into (2.18d) we get for the fluctuation amplitude of the output light a out
The operators describing the mechanical oscillator can be presented in form
Γ is the opto-mechanical damping parameter (dynamic back action). The term (2.20b) describes fluctuations due to the quantum back action.
Substituting (2.20) into (2.19) we obtain
The term (2.21a) describes the optical shot noise and d th stands for the thermal noise of the mechanical oscillator upconverted to the optical domain, in last signal term we should take in mind that f s (Ω) = −f * s (−Ω) in accordance with definition (2.18c) and since F s (t) is a real. As can be verified by direct calculations, complex amplitude a † inis absent in (2.21a) (for details see Appendix A). Let us discuss the difference between the force detection techniques that involve either a monochromatic probe light (conventional one) or the dichromatic light (considered in this paper). In the first case the state of the light leaving the system, a out , is distorted by the interaction with the mechanical degree of freedom. The light becomes squeezed. The degree of squeezing depends on the optical power and on the spectral frequency. A variational technique is needed for an accurate detection of the mechanical force using a out . In the second case, the output light is in the coherent state for the symmetric pump |D + | = |D − | (as well as |A + | = |A − |). Both the fluctuational, (2.20b) and dynamic, (2.20c) terms do not contribute to the quantum state of the output field. There is no power dependence of a out (in the case of zero mechanical attenuation, γ m = 0). The fluctuation of the output light at the resonant optical frequency does not depend on the light induced fluctuations of the coordinate as well as momentum of the movable mirror. This is ideal for the force detection and is one of the major finding of present study.
We measure not the coordinate of the mechanical oscillator, but its quadrature. The phases associated with the light amplitude D ± (let's label them ϕ ± , so that D ± = |D ± |e iϕ± ) are crucial for the presented setup. The relative phase ϕ r = (ϕ + − ϕ − )/2 of D + and D − defines which particular mechanical quadrature is measured. One can select phases of D + and D − so that combination .21a) is zero. It corresponds to the case when we measure mechanical quadrature which is not excited by signal force. In contrast, if the phases are selected so that combination |C| reaches maximal possible value, we measure exactly the quadrature excited by the signal force. It is this idea of QND measurement of the mechanical quadrature was proposed in [1] .
C. Detection
In what follows we discuss the detection procedure of the force using the output light. The direct amplitude measurement does not provide any information on the mechanical degree of freedom. An optimized processing of the output light is needed to retrieve the information. For instance, synodyne detection technique can be utilized. The technique involves the bichromatic optical pump as the LO. The LO is phase shifted (delayed) by an angle θ as shown on Fig. 1 (compare with (2.1) ):
The LO is mixed with the output light and is detected using the balanced homodyne scheme. The differential current I − is proportional to
(2.23)
In the case of symmetric pumps |A + | = |A − | the current amplitude can be presented in form
where φ r (different from ϕ r ) is the relative phase of the pump light harmonics A ± . See details in Appendix B. Presenting the differential current as a sum of the signal, I s , and noise, S I , parts, where the last one is characterized with the single-sided spectral density S I , we derive expressions 27) where the correlators and commutators (2.9, 2.11) for a in and b th were utilized. We can tune the measured quadrature f φ of the signal force varying phase φ r . The first term in Eq. (2.27) results from the optical shot noise. This term is doubled if compared with the case of the force measurement using the single pump harmonic because of the sidebands at frequencies ω m ± Ω. The second term describes the thermal fluctuations of the mechanical oscillator. The spectral density of the current is constant in the case of zero mechanical loss (γ m = 0) indicating absence of the back action quantum noise. As we have mentioned, I s (Ω) does not carry any information about the mechanical degree of freedom for θ − φ r = 0, which corresponds to amplitude detection.
It is convenient to rewrite Eqs. (2.25, 2.27) as spectral density S f of normalized force f:
The sensitivity of the measurement is limited by the second term originating from the thermal fluctuations of the mechanical oscillator. The first term describes measurement error due to the optical shot noise and decreases as the pump power increases. The minimal detectable amplitude F s of resonance force with duration t F can be much smaller than the SQL of the force measurement F SQL = 2 √ mω m /t F [11, 13] . Indeed, for the case of the vanishing mechanical losses (γ m → 0) and optimized delay phase θ (sin(θ − φ r ) = 1) we integrate spectral density (2.28) inside bandwidth ∆Ω 2π/t F around frequency ω m to obtain the measurement sensitivity of F s
We see that the detectable force is smaller than F SQL at large enough pump power Gt F 1. Let us compare the measurement strategy proposed in this paper with the conventional variational measurement strategy [12, 18, 19] . The back action avoiding is feasible in the conventional variational scheme only in a narrow spectral frequency band specific for a properly selected quadrature amplitude. In contrast, proposed here measurement technique is not hindered by back action. Since the symmetric dichromatic pumping is essential for the back action evading we call the described here technique as a synodyne variational measurement. The complete subtraction of back action occurs because the susceptibility χ of the mechanical system is imaginary at the resonance, χ(−ω m ) = −χ(ω m ). Recall, the same property is used in the synodyne detection [28] .
The dichromatic pump is essential for the measurements while a variety of local oscillators can be used to retrieve the useful information from the light leaving the system. A monochromatic local oscillator can be used instead of the dichromatic one. There is no need in a special preparation of the local oscillator to achieve back action evading measurement, as was done in the variational measurement. This fact significantly simplifies the measurement procedure.
Mechanical loss destroys the back action avoiding balance. The amplified fluctuations of the mechanical thermal bath, penetrating the system due to presence of finite mechanical attenuation, upconverted into the optical domain behave as standard optical back action terms. They increase with the optical power. This type of unconventional back action confirms the parametric nature of the process. In contrast, in the case of the conventional coordinate measurement the back action results in the excitation of the mechanical coordinate by light that leads to the dependence of the phase of the output light on the amplitude of the input light. The thermal mechanical fluctuations are not amplified in this case.
III. CORRECTIONS DUE TO ASYMMETRIC PUMP
We have considered the completely symmetric optomechanical system. Let us analyze briefly more realistic situations in what follows. In the case of asymmetric but resonant pump |D − | = |D + | the back action terms do not disappear and the system may become unstable. It also may become unstable if the center of the optical doublet is shifted with respect of the optical mode. In the case of nonresonant pump, δ = ω + −ω 0 −ω m = ω 0 −ω − −ω m = 0 (where ω ± are the frequencies of the pump harmonics), the system is stable and dynamic back action is still zero, however, the fluctuation back action may be incompletely compensated.
In general, all these asymmetry effects are of technical nature and can be prevented using classical feedback keeping the system in the stable symmetric state. There exist another effect that cannot be prevented. We studied the resolved sidebands case and neglected the contribution of the high order optical harmonics generated in the system by the mirror vibrating at the doubled mechanical frequency 2ω m . The first two harmonics of this type are detuned from the resonance frequency ω 0 by approximately ±2ω m . Taking them into account results in the following modification of Eq. (2.28) (see details in Appendix C):
where the last term represents the residual quantum back action noise. Presence of the noise limits the force measurement sensitivity. Indeed, for the case of γ m = 0, sin(θ − φ r ) = 1, and γt F 1 we find 2) which is achieved at the optimal pump power
The detectable force F s can be much less than the SQL since γ ω m .
IV. DYNAMIC STABILITY ANALYSIS
We truncated non-resonance terms in the considered Hamiltonian (2.4) and initial equations (2.5). Let us focus at the regular pondermotive force proportional to ∼ DD * in (2.5b). It contains a constant term, which can be compensated in an experiment by an external feedback, and oscillating terms
The last ones are non-resonant. However, they increase with power and may become large, so we have to take its into account and rewrite (2.13) in form
After substitution terms B(t), B * (t) into (2.5a) one can find nonlinear modifications to the regular amplitudes, so instead of D ± (2.16) we get new amplitudesD ± defined asD
3)
It is easy to see that amplitudeD + slightly increases whereasD − decreases. This is the origin of additional negative damping γ simply by reducing the ponderomotively forced second mechanical harmonics x ±2 . Application to the mirror of a classical periodic force that has the same magnitude as the ponderomotive one and phase shifted by π would suppress the oscillation and removes the instability. Another way of removal of the instability is an introduction of a controlled imbalance (i.e. |A − | slightly larger than |A + |) that results in a residual ponderomotive attenuation.
Therefore, the instability is not a fundamental limitation of the measurement technique. On the other hand, the importance of the negative damping we found goes beyond the force measurement problem, as we found that the opto-mechanical system may become unstable even though the opto-mechanical gain is compensated by the opto-mechanical loss. This is a novel type of an optomechanical oscillator that worth an additional study.
V. CONCLUSION
We have shown that a back action avoiding measurement of a classical resonant force acting on a movable mirror being a part of a Fabry-Perot optical cavity can be realized by involvement of a dichromatic probe light. The probe harmonics have the same power and are detuned by the same absolute frequency from the optical resonance in a way that the dynamic back action completely cancels for the optical resonant spectral frequencies. While the system becomes dynamically unstable even in the absolutely symmetric case, the instability can be suppressed by usage of a classical force compensating for the classical ponderomotive force impinged by the optical pump on the movable mirror of the cavity. The signal at these frequencies can be detected by means of a dichromatic homodyne (synodyne) detection. The method is advantageous for advanced metrology experiments, involving mechanical force resonant with the suspended mirror.
a −2ωm− ≡ a(−2ω m + Ω), a † 2ωm− = a † (−2ω m + Ω).
Now substituting a add out into (B6) one can calculate additional term in formula (2.27) for spectral density S I which can be recalculated into last term of S f in (3.1).
